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the analysis highly indeterminate frame structures, the task 
setting and solving the elastic equations becomes time-consuming. Several 
methods have been developed which the work may shortened consider- 
ably. these, among the classical methods, perhaps that group loading 
the best and most comprehensive method. 

The paper sets forth, detail, the theory this method analytical 
form. Examples algebraic form, followed illustrative numerical com- 
putations, are used make clear the engineering application the theory. 

still further reduction the number elastic equations effected the 
choice statically indeterminate primary structure. numerical applica- 
tion this also included. 


INTRODUCTION 


The primary purpose the theory group loadings reduction the 
effort required solve the simultaneous linear equations that arise the 
analysis statically indeterminate structures. 

The customary procedure for such analysis select statically deter- 
minate primary structure the choice such redundant forces and couples 
are necessary obtain the complete solution. This done making cuts 
through the members, inserting hinges, and removing reaction components and 
other forces the original structure. The number these always for 
n-fold indeterminate case. any one several well-known procedures, 
set simultaneous equations results: 


comments are invited for publication; the last discussion should submitted 
October 1, 1953. 
Prof. Applied Mech., Dept. Civ. and Municipal Eng., Univ. Alberta, Edmonton, Alt., Canada. 
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which the terms are the redundants. The subscripts and are integers 
The terms are coefficients depending only the size and shape 
the original structure and the terms are the loading terms that depend 
both geometry and the load and its arrangement. The required stresses 
are then obtained the principle superposition. the general term 
this paper meant reactions, moments, direct stresses truss 
members, and other forces this kind. The superposition stresses yields 


Zm Zo — 2X1 — — 23 Xa... — Xn... 


which the terms are the stresses produced the loading and 
the terms are the stresses produced the actual loading the statically 
determinate primary structure. 

the procedure followed this paper, the elements the square 
matrix, are found from the self-stressed conditions obtained placing 


Cases THE EVALUATION INTEGRALS 


turn each equal whereas all the other redundants are assumed 
frames girders, sketches are made each the bending moment diagrams 
for the statically determinate primary structure with the single loadings 
and from them are obtained the elements the structure matrix 
means the Maxwell-Mohr work equation: 


which denotes the modulus elasticity, the cross-sectional area 
member, the direct stress member, the moment produced 
unit load, represents distance, and the moment inertia. Eq. not 
the complete work equation. The terms relate frames. The first term 
usually small relative the second and, therefore, only the last term will 
retained customary. Other terms dependent temperature changes, 
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shrinkage, and displacement supports have not been included. Neglecting 


the first term, represents the displacements, as- 
0 4 


signed direction the point application the redundant produced 

The summation incorporates all the members the frame. The modulus 
elasticity will assumed constant for the frame and will assumed 
constant for each member. 

The definite integrals, which are all cases quite simple, can best 
evaluated means the Miiller-Breslau part which follows, with 
the notation defined Fig. All the cases required this paper are listed 
here, and case numbers are encircled Fig. 


Case S mi mj ds 

1-3 (2a 


3-5 


Because the Maxwell theorem, the outlined procedure always leads 
elements the matrix, the number redundants. This task, itself, 
may long, but can always done, and the set simultaneous linear 
equations then must solved for the redundants X;. 

through proper choice the redundants, the effort setting and solving 
the equations thereby reduced. There are several methods which this 
can accomplished. The method group loadings one them. 


Group loadings are used reduce the set equations (Eq. one-term 
simultaneous equations the form: 6;; the simple solution which 
process called ‘‘orthogonalization” the equations. 

necessary and sufficient choice the redundants for this purpose is, 
however, not apparent except very simple cases; and usually desired 


Graphische Statik der Vol. Pt. Alfred Verlag, Leipsig, 
Germany, p. 56. 
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discover the conditions that will lead such orthogonalization. accom- 
plish this, linear relationship established between the chosen and 
group secondary redundants means the linear transformation: 


Table which the writer will call the a-pattern. 

The number Y-terms and X-terms will always ben. Thus, the a-pattern 
will form square matrix the order 

equals all other Y-values being equal zero, group 
caused single redundant loading one has set self-stressed 
redundants provides work equation that similar Eq. This equation 


TABLE 


vik Yio, which the coefficients are the loading terms obtained 
from the group loading and the displacements the structure produced 
the actual loads. the that are orthogonalized. This 


and the redundants are obtained substitution Eqs. with equal 

Thus, the a-pattern formed that the following condition 
prevails: 


which not equal The moments and are produced the 
group loadings, and —1. Eq. makes the equilibrium 

let the moment produced the loads For abbreviation, 
the following will used: 


Yo Yo eee Ya 
Xe dea Gab Gee eee Gan 
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which the work done the redundant, with the displacement 


the work done the load condition, with the displacement 
the group loading, with the produced the load, 
Finally, 


the work done the load condition, with the displacements, 


Setting m;, and omitting the summation signs that incor- 
porate the members, the second member Eq. can written 


which the summation taken for the load group. Thus, 


order obtain system orthogonal functions, must placed 
equal zero, with not equal yielding— 


from which desired determine the coefficient One way this 
will described herein. For the group suggested choose arbitrarily 
the single value, and make all other values aja, the vertical 
column under Table zero. Thus, and, therefore, condition 

For the group 


and all other values equal zero excepting Then, 


and 


Then, because all have been assumed zero except 


(6c) 
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For the group Y,, there are two equations: 


and 


Also, the conditions: 

yield 


This process can continued until all the required have been 
determined. The a-pattern Table becomes the new arrangement shown 
Table 


This not the only arrangement the arbitrarily chosen values 
Others are possible and sometimes more desirable. For example, when the 
structure symmetrical, expedient take advantage that fact 
choosing the a-values. However, the number the that can 


chosen arbitrarily always 


The may computed systematically. The term the dis- 


All values are the displacements corresponding the redundants 


Ba = + ah bia 


= 
Bea 
Yo Yo Ye Ya cee Ya 
Xe +1 Gab Gad Gan 
Xe 0 0 +1 eee Gen 
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and, because from Eq. 
aa 


for all values the same way, 


EXAMPLES 


careful study the following examples will make the process clearer. 
After a-pattern has been established for certain type structure, can 
retained and the numerical values filled in. 


(a) CONTINUOUS GIRDER 


MOMENT DIAGRAMS (c) MOMENT DIAGRAMS 
(GROUP) 


Fie. Moments 


Continuous 2(a) shows girder five supports. The length 


the structure and the value the modified span—will 


used for abbreviation. The redundants have been taken and 
which are the moments the inner supports. Fig. 2(b) shows the moment 
means the Miiller-Breslau tables, direct integration, the following 


| 
“Se 


GROUP LOADINGS 
can written: 
0, 6’ bcc 3 
Eqs. and 12a, 
Eqs. and lead 
and 
ac 4 (L's + l’3) (l'; + l’s) (U's)? 
Fig. 1(c) shows the moment diagrams for the group loadings 
are all equal zero, and the following expressions can solved: 
Y. + 
Yaa 
+ Vee 


From Eq. values are obtained for and moment diagram 
resulting from the actual loads the primary structure has not been shown 
here. can always drawn for any loads that may placed the simple 
spans. From and each the moment diagrams Fig. 1(c), the 
can determined immediately. 

Unsymmetrical Bent.—As second example, a-pattern established 
for the frame shown Fig. 3(a) which indeterminate the third degree. 
The statically determinate primary structure has been selected the insertion 
three hinges points and respectively, and the redundants have 
been taken the moments those points. The location the hinge 
point had been left indeterminate for convenience. The procedure involves 
following the previous procedure, adequate a-pattern adopted through 
the choice six the a-values shown Fig. 

Fig. 4(a) shows the bending moment diagrams for the following conditions: 


< 
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ments the corner joints and rigid column bases. These moments are 


Ae(v +1) hov mM = 


Eq. yields the following means the Miiller-Breslau tables: 


that 


This relationship yields 


The condition could have been chosen, but wouid have been 
necessary compute which would, general, not zero. 

The column under Fig. 3(a) has been established, and Fig. 4(b) shows 
the condition, From Fig. 4(b), and means the Miiller- 
Breslau tables, 


b 
aim 
~ _ 
222 
2 
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The next step obtain expressions for and From Eq. the 
following true: 


(b) MOMENT DIAGRAMS (GROUP) 


substitution into Eq. yields 


he Saa v he 


equivalent 


\ 
(a) MOMENT DIAGRAMS 
| 
1 Boa 1 Bea 
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Fig. 4(b) shows the moment diagram for the condition, from which 


the coefficient may determined. 
Because the purpose this analysis demonstrate the method rather 


than obtain algebraic formulas for any particular frame, the algebra will 

not carried further. practice, one works directly 

with the numerical values. Moreover, this particular 

example, the elastic center method may perhaps shorter 

but has the same purpose—namely, reduce the 

the frame symmetrical, the a-pattern becomes 


Table 


INDETERMINATE PRIMARY STRUCTURES 


the preceding analysis, the primary structure each case has been 
chosen statically determinate structure. The only reason for this that 
the bending moment diagrams always can readily sketched. 

However, there are hand indeterminate cases that have previously 
been solved, the primary structure may chosen being made statically 
indeterminate parts. previous paper, the writer has directed attention 
the Kleinlogel, which serves the purpose admirably.* 

Rigid simple numerical example presented show the applica- 
tion the theory group loadings, assisted the use n’-fold statically 
indeterminate primary structure. 


Fig. shows original structure. symmetrical, and 5-fold 
statically indeterminate. The primary structure can selected several 
ways, one which appears Fig. 3’-fold statically indeterminate, 
and the number redundants two. 

Because the original structure symmetrical, the two redundants and 
have been symmetrically arranged. Therefore, the a-pattern for sym- 


Research, 26, December, 1948, pp. 552-564. 
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metrical 2-fold statically indeterminate structure may chosen shown 
Fig. 

defining the stresses (see Eq. produced the loads the primary 
structure. 


X, 


(a) REDUNDANTS THE 


The y-values can computed directly from the moment diagrams 
Fig. with the aid the Miiller-Breslau tables. 


14.86, Yoo 607.5. 


(0) CONDITION KIP-FEET (c) COMPLETE MOMENTS, KIP-FEET 


77.9; and 


The group loadings may computed 


16.57 
607.5 


-1 -} al -1 -1 
MOMENT (GROUP) 
-1345 
-120.1 \ -35.7 
+135 -143 


GROUP LOADINGS 


Table based Eq. shows the moments several points. From 
these values the complete bending moment diagram can drawn shown 
Fig. 7(c). 

Three-Bay Frame.—As second numerical example, the frame shown 
Fig. 8(a) considered. This structure 9-fold statically indeterminate. 


(a)) 


Condition Term 


The statically indeterminate primary structure shown Fig. 
leaving three redundant quantities; and the a-pattern shown subsequently 


Because the antisymmetry the condition, the following 


(a) LOADED FRAME (b) PRIMARY STRUCTURE 


= 5 = 1. 


1,247.5 


and 
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Antisymmetric 


and 


Symmetric Symmetric 
(a) MOMENT DIAGRAMS 


162 162 


(c) CONDITION (d) THE PATTERN 


13.5 13.5 
| Line | Line 
6.42 
(6) MOMENT DIAGRAMS (GROUP) 
X, 0 ~ Fhe 
| 


GROUP LOADINGS 


The a-pattern Fig. 9(d) thus complete. Fig. 9(b) shows the conditions, 
and and Fig. 9(c) shows Condition readily obtained 


from the Kleinlogel The y-values are follows: 
216,512.7 360,855 
121 
26,730 


26,730 
— 1.67 kips; Y, = 162.602 


0.164 kips; and 4.5 kip-ft. The values the 


dundants are 


seems unnecessary carry the numerical computation further because 
the procedure has been shown the preceding numerical example. 


= <2, 
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